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Abstract
This study theoretically examines the influence of uniaxial anisotropy on the thermodynamic proper-
ties of two-sublattice antiferromagnets, focusing on magnetization and magnon heat capacity (MHC).
The analysis employs the Heisenberg model with a uniaxial anisotropy field, treated using quantum
field theory and the double-time temperature-dependent Green’s function under the random phase
approximation. In the low-temperature and long-wavelength limits, dispersion relations of uniax-
ial symmetric AFM lattices are applied to evaluate the temperature dependence of magnetization
and heat capacity. The results reveal that both magnetization and MHC exhibit strong sensitivity
to anisotropy: increasing anisotropy enhances the deviation in magnetization and suppresses the
peak value of the heat capacity. These findings contribute to a deeper understanding of the role of
anisotropy in the thermal behavior and stability of antiferromagnetic materials, which is relevant for
their potential applications in spintronic technologies.

Keywords: Anisotropic field; dispersion; spin wave; spin-excitation; temperature variable, linear dispersion,
Sinusoidal disperstion

1. INTRODUCTION

At low temperatures, antiferromagnetic (AFM) spins
form antiparallel or opposing patterns throughout
the material, with no net magnetic moment [27].
Growing study on these materials has revealed that
antiferromagnetic materials are recognized to have
practical applications in superconductivity. Because
of their close physical relationship, antiferromagnet-
ically coupled spin systems are receiving significant
research, particularly in regard to ferromagnetic spin
coupling and closest neighbor interaction [31]. An-

tiferromagnetic materials exhibit significant potential
in low-power devices, making them ideal candidates
for the next generation of spintronic applications. The
growing applications of antiferromagnetics in spin-
tronic devices and data storage have fuelled scientific
interest [5, 12, 23]. Recent study suggests that AF
materials can be used to detect spin currents via the spin
Hall effect. The developing area of "magnonics," which
uses spin-waves to "transport and process information
on the nanoscale," complements this, as it relies on the
use of spin-waves for technical purposes [7, 14, 18, 20].
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The pursuit of faster and more energy-efficient tech-
nologies has driven the advancement of spintronics and
magnonics-fields that exploit the intrinsic magnetic
properties of materials rather than relying solely on
charge transport. Spintronics leverages the spin degree
of freedom of electrons, whereas magnonics is based
on the collective excitations of magnetic moments,
known as magnons. Both fields have traditionally relied
on ferromagnetic materials; however, antiferromagnets
are increasingly recognized for their potential advan-
tages, leading to the emergence of antiferromagnetic
spintronics. In contrast, antiferromagnetic magnonics
remains in its early stages of development [11].

The experimental realization of magnon localiza-
tion interference shows the link between internal
anisotropy and external fields. In antiferromagnetics,
the anisotropy field significantly affects their use in
spintronic devices. The anisotropic exchange inter-
action is critical to understanding the behavior of
antiferromagnetic materials. Research into spin wave
dispersion aims to shed light on high-temperature
superconductivity. The anisotropic properties of
antiferromagnetics are essential for their magnetic
moment [4, 8–10, 21]. This paper investigates the
effects of a uniaxial anisotropy field on the sublattice
magnetization and magnon heat capacity of antiferro-
magnetic fluorides of transitional metal compounds.

We intend to explore the impact of an anisotropy field
on the thermodynamic variables of a confirmed exper-
imentally antiferromagnetic insulator concerning exci-
tation temperature and spin wave frequency in this re-
search. A comprehensive investigation into the impact
of uniaxial anisotropy fields on thermodynamic vari-
ables is crucial for both fundamental understanding and
practical applications of antiferromagnetics in spintron-
ics. The results would aid in comprehending and devel-
oping solutions that enable the utilization of antiferro-
magnetic materials with controlled anisotropy fields in
stable and predictable applications in real-world scenar-
ios.

2. HAMILTONIAN FORMALISM

The calculations and analyses were performed using
a highly idealized Heisenberg model of antiferro-
magnetic spin interaction, with a 3-D array of fixed
spins with hypercubic symmetry and totally isotropic
exchange coupling of nearest neighbors. Nearest
neighbor exchange interactions, uniaxial anisotropy,
and external field terms in the z-direction are all
significant components of the model.

In the low-energy state, the system consists of two sub-
lattices (A and B) with opposing magnetic moments,
where each spin’s nearest neighbors lie on the opposite
sublattice. Including the Zeeman term, the Hamilto-
nian of the antiferromagnetic (AFM) hypercubic lattice
is expressed as follows [32]:

H = 2 ∑
⟨ℓm⟩

JℓmS⃗ℓ .⃗Sm − γhA ∑
ℓ

Sz
ℓ+ γhB ∑

m
Sz

m , (1)

Here, S⃗ℓ and S⃗m are spin vectors at sites ℓ (sublat-
tice A, “up”) and m (sublattice B, “down”), with
Jℓm the exchange constant. The effective fields
are hA = HA + H0 and hB = HA − H0, where H0 is
the external field and HA the anisotropy field, both
along the z-axis. The gyromagnetic ratio is γ = gµB

h̄ ,
with g the Landé g-factor and µB the Bohr magne-
ton. Only intersublattice exchange is considered, so
Jℓm = J, while intrasublattice interactions are neglected.

Making use of the Holstein-Primakoff method to con-
vert spin operators into bosonic operators and the
Fourier transform to collective bosonic operators [29,
32]. The simplified Hamiltonian in Eq. (1) would take
the form of

Ĥ = Ĥ0 + Ĥ , (2)

where Ĥ0 is the ’ground’ level energy and Ĥ represents
the spin wave excitation contribution. The entire calcu-
lation has been discussed in [32]. To derive the disper-
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sion relation of antiferromagnetic interaction given by
Eq. (1), we used Green’s Function techniques for the
equation of motion described by

ω⟨⟨ak;a†
k⟩⟩=

⟨[ak,a
†
k ]⟩

2π
+ ⟨⟨[ak,Ĥ];a†

k⟩⟩ , (3)

and we applied random phase approximation (RPA).
The detailed calculation has been done in [29, 32]

Finally, magnon occupation numbers uniquely char-
acterize the energy of eigenstates, and the energy
eigenvalues of the Hamiltonian in Eq. (2) can take a
reduced form.

E(k) = E0 +∑
k

h̄ωk⟨nk⟩ , (4)

where ωk is the dispersion relation of AF spin wave ex-
citation contribution give by

ωk =ω0 ±
ωe√

z

√
z(α)2 +2zα +a2k2 . (5)

In Eq. (5), ωe is the exchange-field frequency and z
is number of nearest neighbors. The dimensionless
anisotropy parameter is α = ωA

ωe
, the ratio of anisotropy-

to exchange-field frequencies [29].
For low temperatures, β = (kBT )−1 is quite large, and
very small magnon energies h̄ωk, in particular, affect
the small wave vector |k|. In this setting, the energy of
an antiferromagnetic magnon varies with the wave vec-
tor by

h̄ωk =h̄ω0 ±
h̄ωe√

z

√
z(α)2 +2zα +a2k2 . (6)

We will use this energy to estimate and analyze the den-
sity of the magnon mode of the antiferromagnetic crys-
tal. After obtaining an explicit expression for ωk, the
Bose-Einstein distribution function can be used to cal-
culate the magnetization, M, or’magnetic’ heat capac-
ity, ∂U

∂T , by evaluating the appropriate integral over the

entire Brillouin zone.

3. RESULT AND DISCUSSION

Transition metal fluoride compounds have long been
acknowledged as excellent materials for testing and
refining magnetic models. Due to their absence of
electronic delocalization and their often strong insu-
lating nature, understanding their magnetic behavior
is more straightforward compared to oxides and sul-
phides. Early studies exploring the correlations be-
tween exchange constants and structural properties, as
well as the development of Néel theories of antiferro-
magnetism and ferrimagnetism, were based on 3-D flu-
oride materials [3, 22].

3.1. Sublattice Magnetization

The mean spin-wave energy at temperature T de-
termines the heat capacity, analogous to the phonon
case. The Bose factor ⟨nk⟩ = (eβ h̄ωk − 1)−1 calcu-
lates the number of thermally excited magnons, using
β = (kBT )−1, and is also used to evaluate sublattice
magnetization. Each wave vector k represents a sin-
gle magnon polarization. The total number of excited
magnons is calculated by summing across states, which
are simply stated as a function of frequency ωk. The
total magnon numbers in the first Brillouin zone were
determined by turning the summation into integration:

∑
k

n̄k ≃
V

(2π)3

∫ km

0

d3k
eβ h̄ωk −1

. (7)

Using Eq. (5) for the frequency ωk, we derive a rela-
tionship for the magnon number density n̄k, after quan-
titative simplification and approximation [29]:

∑
k
⟨nk⟩=

N
√

z3

2π2

{1
8

A1ζ (1)θ − 1
4

A2ζ (2)θ 2

+
1
2

A3ζ (3)θ 3 −3A4ζ (4)θ 4
}
. (8)

We introduced a dimensionless normalized excitation
temperature θ = kBT

h̄ωe
and the coefficient variables A1,
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A2, A3, and A4 in Eq. (8) are anisotropy and applied
field functions. The Riemann zeta function is defined
as ζ (n), n = 1,2,3,4....

For analyzing temperature-dependent magnetization,
we must use a modified average magnon occupancy
number function (eβ h̄ωk − 1)−1 in the continuous
version [1]. The mean magnetic moment at each site,
suitably rotated so that they align in the same direction,
is added to the given staggered magnetization in a
broad meaning that applies to any lattice in any dimen-
sion. The magnetization as a function of normalized
temperature θ may be represented as follows:

M(T,H) = NgµBS
(

1− 1
NS ∑

k
⟨nk⟩

)
, (9)

Where the saturation magnetization, M0 = NgµBS,
is the only magnetization in the absence of excited
magnons, exactly when ⟨nk⟩ = 0 for all k. This value
shows the instant of complete alignment, where N is
the number of spins per unit volume [15, 16, 28]. As
a result, the magnetization equation remains helpful at
low temperatures, especially for small k values. Our fo-
cus is on the effect of anisotropic field strength at this
temperature range.

The sublattice and net magnetizations were obtained
by integration. A finite external field H0 induces net
magnetization by unbalancing the two sublattices.
With increasing temperature, the spontaneous sublat-
tice magnetization M, aligned with the equilibrium
direction, decreases due to thermally excited magnons.
After algebraic simplifications of Eq.(8), the following
expression results [29]:

M(T,H)

M0
= 1−

√
z3

4S

(
0.015A1θ −0.083A2θ

2 +0.061A3θ
3

−0.658A4θ
4
)
. (10)

Using the equation stated in Eq. (10), we attempted

to plot the sublattice magnetization of an ideal antifer-
romagnetic material while varying the anisotropy field
values. The resulting plot is shown in the image below
Fig. (1).
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FIG. 1: Magnetization vs normalized temperature for
different anisotropy fields in antiferromagnets.

Fig. (1) demonstrates the temperature-dependent
behavior of antiferromagnetic sublattice magnetization
within an ideal isotropic magnetic crystal. A different
pattern emerges when we analyze the link between
temperature, anisotropy, and magnetization in the
observed figure. At low normalized temperatures, the
magnetization curves overlap, leaving little difference
between anisotropy values. Anisotropy has less impact
in this region, which serves as a baseline for magnetic
behavior. Its influence is only obvious when the
excitation temperatures increase.

An increase in the anisotropy field (α) induces a
distinct transformation in the magnetic behavior of
the system. As the normalized temperature increases,
magnetization exhibits a notable rise, accompanied by
the emergence of a clear gap, indicating a departure
from the behavior observed at lower temperatures. This
transition highlights the significant role of anisotropy
in shaping the magnetic response, suggesting a stronger
alignment of magnetic moments with increasing
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anisotropy.

To investigate the role of anisotropy, we performed
a comparative study using an idealized anisotropy
field representative of typical material parameters.
Our analysis revealed systematic variations in peak
magnetization values across different temperature
regimes. Specifically, the peaks shifted toward higher
temperatures before gradually decaying back to base-
line levels. This temperature-dependent response
demonstrates a nontrivial coupling between anisotropy
and thermal effects, revealing how magnetic anisotropy
modifies the temperature dependence of magnetization.
Collectively, these findings provide new insights into
the complex magnetic behavior of nominally isotropic
crystalline systems.

Magnetic susceptibility is a key quantitative measure
of a molecule’s magnetic properties, reflecting how
the system responds to an applied magnetic field. By
examining the temperature dependence of magnetic
susceptibility, we can gain insights into various charac-
teristics, including the Néel temperature, which marks
the transition point above which an antiferromagnetic
material transitions to a paramagnetic state. Magnetic
susceptibility is generally defined as the zero field limit
of dM

dH .

The curve in Fig. (2) exhibits the temperature depen-
dence of sublattice antiferromagnetic susceptibility at
various anisotropic values.

Antiferromagnetic susceptibility was analyzed as a
function of normalized temperature across varying
anisotropy field strengths. The resulting curves dis-
played a characteristic trend: susceptibility initially
increased with temperature, reaching a well-defined
peak, followed by a narrow plateau region. Beyond this
interval, a sharp decline in susceptibility was observed.

Notably, the peak magnitude systematically diminished
with increasing anisotropy field strength. This behavior
can be interpreted as follows: as the temperature rises,
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FIG. 2: Susceptibility vs. normalized temperature (θ)
at different anisotropy values (α).

the antiferromagnetic spin alignment becomes progres-
sively destabilized, leading to an enhancement in mag-
netic response. The peak corresponds to the point at
which spin order is maximally disrupted. Beyond this
point, a phase transition likely occurs, causing a marked
decrease in susceptibility as the system moves toward a
disordered state.

3.2. Anisotropy and Magnon Heat Capacity

Heat capacity, a fundamental thermodynamic quantity,
is related to internal energy, enthalpy, and entropy.
The Einstein and Debye models describe the lattice
heat capacity of all materials. Importantly, the lattice
heat capacity decreases with temperature, making
the magnetic contribution more substantial at lower
temperatures [6].

The temperature dependence of antiferromagnetic heat
capacity validates theoretical spin wave dispersion
law predictions. However, no such studies have been
performed thus far. This is due, in large part, to the
fact that in typical antiferro-magnets, the magnetic
heat capacity should fluctuate exponentially due to the
presence of a significant gap in the energy spectrum,
yet it is found to be small in the low temperature region
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when compared to the lattice heat capacity. In this
study, we used mathematical analysis to validate spin
waves for antiferromagnetic heat capacity.

The internal energy of the system may be utilized for
calculating an antiferromagnetic spin interaction con-
tribution to the heat capacity C(T ) = dU(ωk,T )

dT ) [13, 25]
of an ensemble. The internal energy of an ensemble of
antiferromagnetic bosons, known as the Debyes’ type
of heat capacity for finite temperature T (not too high
for small k), may be determined using the system’s
internal energy [29], U(ω,T ) = 2∑k h̄ωk⟨nk⟩. The
factor of 2 is the result of counting the sublattice A and
sublattice B types of spin excitations.

The gradient of antiferromagnetic magnons as a
function of temperature, which is more phonon-like,
may be calculated using the dispersion relation and
the density of states (DOS) model. The total internal
energy relates to the magnon density of state by [29]:

U(ω,T ) =2
4πV
(2π)3

∫
∞

0

h̄ωk

eβ h̄ωk −1
k2dk . (11)

To introduce the magnetic heat capacity, use Eq. (5)
with some algebraic simplification and approxima-
tion. [29]:

C(T )
NkB

=

√
z3

π2

(1
8

A1ζ (2)θ − 1
2

A2ζ (3)θ 2

+
3
4

A3ζ (4)θ 3 −12A4ζ (5)θ 4
)
. (12)

Figure (3) shows the magnon heat capacity based on
excitation temperature and anisotropy field. It has been
plotted according to Eq. (12).

In accordance with the system’s underlying physics, the
behavior of sublattice an antiferromagnetic system’s
heat capacity with normalized temperature frequently
follows a similar pattern to the antiferromagnetic
susceptibility.
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FIG. 3: Heat capacity as a function of normalized
temperature for different anisotropy values.

As shown in Fig.3, the temperature dependence closely
follows that of the magnetic susceptibility (Fig.2); both
increase with temperature, peak after a short plateau,
and then decline sharply. This behavior reflects the
energy needed to destabilize antiferromagnetic order.
At low temperatures, spins remain ordered, while
increasing thermal energy progressively disorders
them, leading to a peak that signals the onset of a phase
transition or spin reconfiguration.

The flat region describes a temperature interval during
which the system goes through a phase transition,
absorbing energy but without changing temperature
much. Beyond this point, when the system moves to a
completely disordered state, the heat capacity rapidly
decreases.

As demonstrated in Figs. (2 and 3), the anisotropy
field exerts a significant influence on both the suscep-
tibility and heat capacity. Specifically, increasing the
anisotropy field at a fixed exchange interaction strength
leads to a reduction in the peak amplitudes.
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3.3. Anisotropy-Driven Thermodynamics in
Antiferromagnetic Systems

Transition metal compounds (TMCs) are widely stud-
ied because to their various structures and d-electron
configurations, which result in numerous physical phe-
nomena and technological applications [24, 29]. Their
localized d electrons produce significant magnetic
moments, resulting in ferro-, ferri-, or antiferromag-
netic order. Antiferromagnetism and ferrimagnetism,
in instance, are frequently caused by superexchange
interactions between cation moments and p orbitals,
allowing for a greater range of spin configurations than
in ferromagnetic systems.

The magnetic characteristics of simple-structured
transition metal compounds, especially the perovskite
series KMF3, have been intensively explored, both
experimentally and theoretically. In these systems,
divalent M2+ ions form a simple cubic lattice, with F−

ions placed between adjacent cations. This arrange-
ment gave valuable insights into superexchange and
anisotropy mechanisms, as well as a rich source of
antiferromagnetic materials.

We explore well-established antiferromagnetic fluo-
rides (e.g., FeF2, MnF2, Rb2MnF4, RbFeF4) to correlate
theory with experiment. These compounds exhibit
3-D antiferromagnetic order below their Néel tem-
peratures, adopting a rutile-type tetragonal structure
where magnetic interactions are governed by nearest-
neighbor exchanges and equal effective exchange
fields [2, 26, 32].

At low temperatures, RbMnF3 produces a simple cubic
structure, whereas CsMnF3 has a hexagonal structure
with substantial axial anisotropy. The latter has a
two-sublattice configuration (P63/mmc) with overlap-
ping magnetic and chemical unit cells. Susceptibility
experiments show an exchange field of 350 kOe and an
axial anisotropy of 7.5 kOe [2, 19, 23, 29, 30].

We listed the exchange field values in table I for these
of our consideration

TABLE I: Exchange field values

Compound S HE kG HA(kG) α reference
MnF2 5/2 526 10 0.0156 [27]

RbMnF3 5/2 830 0.00045 0.000045 [3]
CsMnF3 5/2 350 7.965 0.0228 [19]
K2MnF4 5/2 602 2.35 0.0039 [3]
Rb2MnF4 5/2 551 2.59 0.0047 [3]
Mn2P2S6 5/2 1060 0.0802 0.00076 [17]

The spin wave density of states was utilized to compute
antiferromagnetic ensembles’ low-temperature ther-
modynamic properties such as magnetization and heat
capacity.

The Fig. (4) below shows the magnetization versus
normalized temperature (θ ) for various antiferromag-
nets made of transitional metal compounds, applying
Eq. (9).
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FIG. 4: Magnetization as a function of excitation
temperature for different compounds

Fig. (4) depicts temperature-dependent antiferromag-
netic sublattice magnetization for transition metal
compounds with near-hexagonal crystals. While their
magnetization curves are indistinguishable at very low
temperatures, a gap appears when heated, revealing a
dispersed pattern and a peak that increases with the
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anisotropy field.

When the excitation temperature rises, the amplitude
of the magnetization peak increases significantly
compared to the low-temperature domain. Detailed
research reveals that the magnetization dynamics are
driven by the combined influences of the exchange and
anisotropy fields. In particular, systems with greater
exchange interactions display two distinguishing
characteristics: first, a systematic upward shift of the
peak maximum, and second, a gradual asymptotic
return to the baseline magnetization. These findings
underscore the importance of exchange interactions
in determining the temperature-dependent behavior of
magnetic response functions.

To investigate the effect of inherent anisotropy on
susceptibility, we plotted susceptibility against nor-
malized temperature for a variety of antiferromagnetic
materials.
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FIG. 5: Susceptibility vs. normalized temperature, θ

for different antiferromagnetic materials.

Fig. (5) illustrates the dependence of susceptibility
on normalized temperature θ , with peak locations
and forms varying by material. These discrepancies
result from the interaction of anisotropy and exchange

field intensity, with stronger exchange fields yielding
significantly greater susceptibility peaks.

Furthermore, we plotted magnon heat capacity (MHC)
with excitation temperature for several antiferro-
magnetic materials to investigate the thermodynamic
response across systems.
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FIG. 6: Heat capacity versus normalized temperature
for different antiferromagnetic compounds of the
model.

Fig. (6) depicts the magnon heat capacity (MHC) vs
normalized temperature (θ ) for several antiferromag-
nets, computed in the low-temperature limit using
Eq. (11). Individual MHC peaks, which are distributed
according to each material’s anisotropy field, are
controlled by the anisotropy factor and exchange
field. This peak separation pattern parallels with that
observed in antiferromagnetic susceptibility.

A stronger exchange field in antiferromagnets increases
the heat-capacity peak, emphasizing its importance
in the heat capacity-temperature relationship. This is
consistent with previous studies that show anisotropy
decreases peak maxima while exchange increases them.

Several materials’ antiferromagnetic susceptibility and
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heat capacity were calculated as functions of normal-
ized temperature using the Heisenberg Hamiltonian
spin-wave model. The data reveal a clear peak with
rising temperature. The amplitude of this peak is
determined by the anisotropy and exchange fields. The
maximum represents a disturbance of the antiferromag-
netic spin order, resulting in enhanced magnetization,
while the subsequent abrupt decrease indicates a phase
transition.

4. CONCLUSION

This study employed the Heisenberg Hamiltonian
model to investigate antiferromagnetic spin interactions

in order to better understand the roles of anisotropy and
exchange fields in the thermodynamic behavior of tran-
sition metal compounds. We used Green’s function to
establish the spin-wave dispersion relationship and ex-
amined magnetization and heat capacity as temperature
functions. The results reveal that both anisotropy and
exchange fields increase magnetization, but anisotropy
reduces and exchange increases the heat-capacity peak.
The varying peak locations of susceptibility and heat
capacity among compounds demonstrate the complex
relationship between anisotropy and exchange interac-
tions. Overall, this work contributes to our understand-
ing of the thermodynamic properties of antiferromag-
netic materials.
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