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Abstract

Abstract: In this paper, we introduce the concept of Skew Almost Distributive Lattices (skew ADLs). We
define a relation @ on a skew ADL § so that each congruence class is the maximal rectangular subalgebra
and §/0 is the maximal lattice image of §. Further, the calculative properties of a skew ADL are studied.
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1. Introduction

The concept of an ADL was introduced in 1981 by
Swammy, U. M. and Rao, G. C. (7) as a common
abstraction of almost the existing ring theoretic
generalizations of a Boolean algebras. An ADL is an
algebra (L,V,A,0) of type (2,0,0) which satisfies all
the axioms of a distributive lattice with zero except
possibly commutativity of V or commutativity of A or
right distributivity of V over A or the absorption law
(0 A 8) V o = o. It was observed that, the set of all
principal ideals of an ADL becomes a distributive
lattice through which one can extend many concepts
existing in the class of distributive lattices to the class
of ADLs.
In 1989 Jonathan Leech laid the foundation of modern
theory of skew lattices (4). He defines a skew lattice is
an algebra (L,V,A) in which both V and A satisfies the
idempotent laws, associative laws and absorption laws.
For a skew lattice (L,V,A) and for §,0 € L, 6 and
o are said to be equivalent, denoted § = o, whenever
6Vaové=4and oVIVo=o.
Motivated by the above results we studied about skew
lattices in the class of ADLs and we define a skew
ADL. We give different results on which a skew ADL
is a rectangular lattice. Moreover, for a skew ADL S,
we showed that S/ is a maximal lattice image of S
where 0 is a congruence relation.

2. Preliminary

In this section, we give results that we use in the

sequel.

Definition 2.1 [1, 2] An algebra (L,V,A) of type (2,2)
is called a lattice if it satisfies the following identities
forallo,6,w € L:

[1] Idempotency: 0 A 6 =candoVo =0

[2] Commutativity: o A § =d Aoando V § =

dVao

[3] Associativity: (6 A ) A w =a A (6 A w) and

(cvd) Vw=oV (6 Vw)

[4] Absorptionlaws: o A (0V §) =canda Vv

(o Ad) =o.

In any lattice (L,V,A), the following identities are
equivalent [6]:
[1JoA Vw)=(0A6) V (0 Aw)
21(cvéd) hw=(cAw) V (6 Aw)
[Blov 0Aw)=(ocVS) A (0Vw)
[4(cA6)Vw=(cVw)A (6§ Aw),forall
0,6,w € L.

Definition 2.2 [2] A lattice (L,V,A) satisfying any one
of the above four identities is called a distributive
lattice.
Definition 2.3 [3] Let X be a nonempty set and @ be a
binary relation on X (thatis ® € X X X). Then @ is
said to be an equivalence relation on X if @ satisfies
the following conditions:

[1] Reflexive: (6,6) € O forall§d € X

[2] Symmetric: (6,0) € O implies that (g,d) €

O foralld,0 € X

[3] Transitive: (8,0) € O and (0, w) € O imply that
(6,w)€Oforalld,o,we X.
For (8,0) € O, We write § 0 o.
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Definition 2.4 [5] An algebra (L,V,A,0) of type
(2,2,0) is called an ADL with 0 if it satisfies the
following axioms:

1] 6v 0=6

[2I0A6=0

BldVvo)Az=([Aw)V (0 Aw)

[4] 6N (cVw)=(0A0) V (§Aw)

[5]6V (cAw)=(Vo) A (6Vw)

[6] Vo) ha=0c

forall§,0,0w € L.

It can be seen directly that every distributive lattice is
an ADL. Here onwards by L we mean an ADL (L,V,A
,0). Forany 0,6 € L, we say that o is less than or
equal to 6 and write 0 < §,if 0 A § = 0. Then "<" is
a partial ordering on L. The following hold in any
ADL L.

Theorem 2.5 [5] Let L be an ADL with 0. Then for any
w, 6,0,z € L, the following conditions hold:
[1]6dVo=0=6No=0
[216Vo=0 ©dANog =6
[31ANdcd=0A6=06wheneverd <o
[4] A is associative
[B]16ANcAZz=0Ab Nz
[6](0Vo)Az=(cVF) Az
[7]16ANc < candd§ <6Vo
[B16A (cAS)=0AdandbV (bVa)=6V
c=(Vo) Vo
[O]6AS=6andSVE =6
[10]6A0=0and0Vd =96
[11](wV (V) Az=((wVE) Va)Az
[121f6 <wando < w,thend Ao =g A and
dVo=aVJd.

It can be observed that an ADL L satisfies all the
properties of a distributive lattice except possible the
right distributivity of V over A, the commutativity of
V, the commutativity of A and the absorption law (g A
6) Vo = o. Any one of these properties convert L in
to a distributive lattice.
Theorem 2.6 [5] Let (L,V,A,0) be an ADL with 0.
Then the following are equivalent.

[1] (L,v,A,0) is a distributive lattice

[2lové=6Voforallog,d € L

[BloAd =6Aoforallo,d €L

[4l(cAd) Vw=(cVw) A (JV w),forall

w,o0,8 € L.

Theorem 2.7: [7] Let (L,V,A,0) be an ADL. Then for
any 0,6, w € L with ¢ < §, we have the following
conditions:

oA w<dAw

RIlwAoc<wAS

Blov o< wVl.
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Theorem 2.8: [5] Let L be an ADL. For any m € L the
following are equivalent.

[1] m is maximal element

[2lmvV 6§ =mforalld € L

[3mA 6§ =6 forall§ € L.

For any w, 0 € L and a partial ordering < on L, the set
{6 € L|o < § < w} is an interval denoted by [, w].
Theorem 2.9: [5] Let L be an ADL. Then the following
are equivalent.
[1] L is associative
210, ={(6,0) € RXR:0V § =0Va}isa
congruence relation forallo € L
[3] L is a subdirect product of ADLs in each of
which there are at most two nonzero elements
and every nonzero element is maximal.

Note: In an ADL (L,V,A,0) the associative property
with respect to A holds, that is for any 0,6, w € L, o A
(6Aw)=(c A8 ANw. Whereas the associative
property with respect to V, that is, for any 0,4, w €
LoV (Vw)=(ocV¥d) Vw is not known so far.

Theorem 2.10: [7] In an ADL (L,V,A ,0), the following
are equivalent.

[1] L is a distributive lattice

[2] (L, <) is a directed above poset

[3] A is commutative

[4] V is commutative

[5] V is right distributive over A

(6] © = {(0,0) € L:6 Ag = o}is antisymmetric.

Definition 2.11 [4]: A skew lattice is an algebra (L,V,A
) of type (2,2) such that A and V are both associative
and satisfy the following absorption laws: § A (§ V
0)=6 =8V (6AN0g)and (A0) Vo=c=(6V
o) Ao forall§,0 € L.

Definition 2.12 [4]: A skew lattice is called strongly
distributive if for all 6,0,w € L it satisfies the
following identities: §A (cVw)=(§Aa) V (6 A
w) and (Vo) Aw=(0Aw) V (0 Aw); and it is
called co-strongly distributive if it satisfies the
identities: 6 V (c Aw) = (Vo) A (6 Vw) and (6 A
o)Vw=(Vw) A (0Vw).

Definition 2.13 [4]: A skew Lattice L is called normal
ifoNSANOoNzZz=wA oA §A zanditis called co-
normalifwVéVoVz=wVaoVVzforall
w,06,0,Z € L.

3. Skew Almost Distributive Lattices

In this section we introduce different properties of
skew almost distributive lattices.
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Definition 3.1 Let (L,V,A) be an ADL and S is a
nonempty subset of L. An algebra (S,V,A) is called a
Skew Almost Distributive Lattice (skew ADL) if § V
(cVw)=(Vo) Vw forall§,o,w €S.

From the property of ADL, a skew ADL is strongly
distributive skew lattice. We call a skew ADL S is co-
strongly distributive skew ADL if (6 A 0) Vo =
(6Vw) A (cVw) for all §,0,w € S and one can
simply observe that a co-strongly distributive skew
ADL with zero is a distributive lattice. Skew ADLs are
skew lattices and hence we can apply all concepts of
skew lattices to skew ADLs, for if a skew ADL is
biregular.

Definition 3.2 A rectangular skew ADL is a skew ADL
S suchthat § A ¢ = g Vv § for all non zero elements
8,0 € S.

Lemma 3.3 Let S be a skew ADL. Then, S is normal.
Proof: Suppose S be a skew ADL. Let w, 8,0,z € S.
Then, from Theorem 2.5 (5) we obtain that w A § A

o0 ANzZ=wAoAS Az This shows that S is normal.

Lemma 3.4 A rectangular skew ADL is co-normal.

Proof: Let S be a rectangular skew ADL and
®,0,0,Z€S. Then §VoVzVw=wAzZAdA
S=wAoANzZANS§=6VzZVoVw.

Hence, S is co-normal.

Lemma 3.5 A rectangular skew ADL with 0 is a
discrete ADL.
Proof: Let S be a rectangular skew ADL and 6,0 € S.
Then, by definition we obtain that A ¢ =gV § for
all 8,0 € S such that § # 0 and ¢ # 0. Since o A
6=06ANdANd=(0VS NS =96, using the
absorption law it follows that cVd =0V (0 A9) =
0. Which shows that S is a discrete ADL.
Theorem 3.6 Let S be a skew ADL with 0. Then S is
a rectangular skew ADL ifand only if § Vo = § for
all6,0 € S.
Proof: Suppose S be a rectangular skew ADL. It
follows that oV § = § Ao for all §,0 € S such that
6#* 0 and o # 0. From Lemma 3.5, S is discrete
ADL. Hence, § Vo =48 for all nonzero 6,0 €S.
Conversely, suppose 6 Vo = §. Then, it follows that
6VoVvd=4. Hence, Vo= ((cAd) VI) V (cV
(6nd)=(@A6)V (Vo) V (A b5 =0Aé.
Therefore, S is rectangular skew ADL.
Theorem 3.7 Let S be a skew ADL. A relation 6
defined on S by

0 ={(6,0) € SXS|6Adg=0and g A§ =8}

is a congruence relation.

Proof: Let 8,0, w € S. Then,

[118 A 6 = 6. Hence, O is reflexive.

[2]Letd§ O 0. ThendS Ao =cando Ad = 6.

Hence, 0 0 6.
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[3]Let§ ©® 0 and 0 ©® w. Then, we have § Ao =
g, 0N6 =06,0 ANw=wandw Ao = o.Then,

SANw=6N (ANw)=bANo)Aw=0dAw=w
and
WAS=wA (A8 =(wAo) Nd=aAd =
d.
Hence, 6 @ w. Thus, @ is an equivalence relation.
[4] Assume that § @ ¢ and w @ z. Then,
(bvw)A (oVvz)
=((0Vw) ANo) V((6Vw) ANz)
=((6AN0)V (wAa))V ((6A
zZ) V (wAZz))
=0V (wAo))V ((6AZz) V2Z)

=((cVw) ANd) Vz
=0Vz

Similarly, (¢ Vz) A (§ Vw) =68V w. Hence, we
have (6 Vw 0 (o V z). Also,
bAW) A (cANZ) =N ANWANZ=0ANWAZ
=0Az
and
(A2 AN (AW)=2ZAdASAw=ZAS AW
=6AzZAw =0 Aw.
Hence, we have (6 A w) O(0 A z).
Therefore, O is a congruence relation on S.

Lemma 3.8 Let S be a skew ADL and §,0 € S. For @
given by Theorem 3.7, 6 @ g ifand only if § V ¢ =
oANb.
Proof: Leté © o. Then,
dVva=(oVvéVva) A (6Va)
=(oV (6A8)) AN(6Va)

=aA (§Vo).
This implies that
oANS=0AS6A(5VO)
=dASA (oA (6V0))
=dgA (Vo)
=JdVo.

Converselyif 6 Vo =0 A §,thenc A6 =6 Aa A
6=06AN(0Vao)=6 andSAdc=0ASANdC=0A
(o vV &) = o which implies that § 6 o.

Theorem 3.9 Let S be a rectangular skew ADL and
6,0,w € S. Then the following conditions hold:

[l Aw=0Aw

21(6Vw) Ao=candoV (6 Aw) =0

[3] S is a lattice if and only if it is a singleton.

Proof: Suppose S be a rectangular skew ADL and

6,0,w € S.Then,

[1] Using regularity we get

SANw= ((cv 8 NS A ((0Vw) ANw)

=(0ATAS) AN (WATAW)
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=0ANOAOANWATAW®
=0ANOANSANOCAWANTAW
=6AN(0ASANT) AN (WAT AW)

=0N0oAw.
By symmetry we alsohavec Aw = 0 Ad A w.
Since AgAw =0 NS Aw we conclude that § A
w=0Aw.
[2] Using Theorem 3.6 we obtain that
VovVw=(Vo)Vo=6Vw
and hence
(bVw) ha=(6VaoVw) Ao
=({lVwVo) Ao =o.
Sinced Aw = w V §, we have
3. oV bANw)=(0Aw) ha=(wV) Ao =
bVw) ANa=o
4. [3] Suppose S be a lattice. Then, by Theorem
3.6 we obtainthat§ =6 Vvo =0V d = o for
all §,0 € S. Therefore, S is a singleton. The
converse is direct.
A skew ADL is said to be left cancellative if it
satisfies the implication 6V o = d§ Vw and § A
c=0Aw imply oc=w. It is called right
cancellative if it satisfiesd V w = oV w and § A
w=0Aw imply § =0. If a skew ADL is both
right and left cancellative then it is said to be
cancellative.
Theorem 3.10 Let S be a skew ADL.Then S is
right cancellative skew ADL.
Proof: Suppose S be askew ADLandd,0,w €S
suchthat6 A w =cAwanddV w =0V w.
Then,
§=6V (0N w)
=6V (0 Aw)
=(Vao)A (6Vw)
=(Vo)A (oVw)
=(oVSOHA (cVw)
=0V (6N w)
=0V (0 A w)
= 0.
Hence, S is right cancellative skew ADL

Corollary 3.11 Let S be a rectangular skew ADL.
Then, S is cancellative.
Proof: Suppose S be a rectangular skew ADL such that
wVd=wVo and wA §=wAoforald,o,w €
S. Then, we have
§=(wVd) NS

= Aw) A

=36A (wA 9J)

=6A (wA 0)

= Aw) Ao

=(wVIHAo

=(wVo) Ao

=o.

Eth. J. Indig. Know. Appl. Sci.

This shows that S is left cancelletive and hence it is
cancellative.

Lemma 3.12 Let S beaskew ADL and O be a
congruence relation on S given by Theorem 3.7. Then
the congruence class [6]0 of § is rectangular skew
ADL.
Proof: Suppose S be a skew ADL and §,0,w € S
such that o, w € [§]0. Since ¢ ® w we obtain that
oV w=0=wA ogand hence [§]0 is a rectangular
skew ADL.
Theorem 3.13 Let S be a skew ADL and @ be a
relation given by Theorem 3.7. Then, S/0 is a
maximal lattice image of S.
Proof: Suppose S be a skew ADL. From Theorem
3.7, 0 is a congruence relation on S. Consider S/6
and for §,6 €S let [6]0,[0]O® € S/0. Define A
and Von S/0 by [6]0 A [6]0 =[5 Ao]O and
[6]160 vV [0]® =[6V o]O.Then, foranyw € S,
wWE [6V0]® (Vo) A\w=wand wA
(bvo)=46Vvo
< (oVé) A\w=wand wA (V) =aVd

< w€E oV
Hence, [6 Vd]O® = [oV §]0. Thus, [6]0O V [d]O =
[a]O Vv [d]0.
Similarly, w € [6 Ad]® © A0 Aw=wand
wANBANd)=6N0

S oANSAw=w and w A (T A
6)=0Ad
S w € [oAd]0.
Hence, [6A0]O® =[oAS]O. Thus, [6]6O A
[6]10 =[a]® A [6] 6. Which shows that S/0 is
commutative and therefore it is a lattice. Now,
consider a congruence relation § on S such that

S/B is a lattice. Suppose § O ¢. Clearly,
SANog=cgond oA =6 = [6A0]B =
[c1and [0 AS]f =[6] B
= [6]1B A [0]B =[o]B and [a] B A
618 =818
= [6] B = [o] B, since $/ B is a lattice

= §fo.
Therefore, 6 < B.
Suppose H be a lattice image of S. Then there
exist an epimorphism f: S — H. Define a
relation @ on Sby a = {(8,0) € S?|f(5) =
f(0)}. ais reflexive, symmetric and transitive. Let
(61,01), (64,0,) € a. Since f is homomorphism we
have
f(1V &) =f(61)Vf(62)
= f(a1) V f(02)
= f(o1V 03),
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which shows that (§; V §,) a (g1 V 05) similarly (6; A
8,) a (01 A 0,)$. Hence « is a congruence relation on
S. Since a homomorphic image of S is given by S/¢
where ¢ is a congruence relation on S [5],S/a is the
lattice image of S. Consider the set £ of lattices given
by L ={S/ ¢ | ¢ is a congruence on S and O C ¢}.
Now, take congruence relations @ and S discussed
above and assume that S/ < S/B. Let 0,8 € S
such that gf§. Since ® € 8 and S/O@ S S/f there
exist ', € S such that 0 € [0]@ =[0']B and § €
[6]©@ = [6]B. Thus, 0O@c’, ofa’ and 506, 5B6'.
Hence,
6,886 = apé’

=0 € [§']p =[6]0
= 0g04.
Therefore, f € 0 and hence @ =f. Consequently,
S/0 =5/B.
Hence, S/0 is the maximal element of S so that it is a
maximal lattice image of S.
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