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(Abstract: In this paper, we introduce the concept of Skew Almost Distributive Lattices (skew ADLs). We define
a relation @ on a skew ADL S so that each congruence class is the maximal rectangular subalgebra and $/0 is
the maximal lattice image of S. Further, the cancellative properties of a skew ADL are studied.
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1. Introduction

The concept of an ADL was introduced in 1981 by
Swammy, U. M. and Rao, G. C. (7) as a common
abstraction of almost the existing ring theoretic
generalizations of a Boolean algebras. An ADL is an algebra
(L,v,A ,0) of type (2,0, 0) which satisfies all the axioms of a
distributive lattice with zero except possibly commutativity
of v or commutativity of A or right distributivity of v over A
or the absorption law (¢ A §) V 0 = o. It was observed
that, the set of all principal ideals of an ADL becomes a
distributive lattice through which one can extend many
concepts existing in the class of distributive lattices to the
class of ADLs.
In 1989 Jonathan Leech laid the foundation of modern
theory of skew lattices (4). He defines a skew lattice is an
algebra (L,v,A) in which both v and A satisfies the
idempotent laws, associative laws and absorption laws. For
a skew lattice (L,v,A) and for §,0 € L, & and o are said
to be equivalent, denoted &6 = o, whenever VoV s =46
and oVéVao =o.
Motivated by the above results we studied about skew
lattices in the class of ADLs and we define a skew ADL. We
give different results on which a skew ADL is a rectangular
lattice. Moreover, for a skew ADL S, we showed that /60 is
a maximal lattice image of S where @ is a congruence
relation.

2. Preliminary

In this section, we give results that we use in the
sequel.

Definition 2.1 [1, 2] An algebra (L,v,A) of type (2,2) is
called a lattice if it satisfies the following identities for all
0,6,wEL:

[1] Idempotency: 0 A 6 =candoVo =0

[2] Commutativity: 0 A 6 = § Ao and

oVd&=6Vo

[3] Associativity: (6 A ) A w =a A (6 A w) and

(cvé)Vow=ogV (6 Vw)

[4] Absorption laws: 0 A (o V §) = g and

oV (6ANd) =o0.

In any lattice (L,v,A), the following identities are equivalent
6]:
el [1JoA bVw)=(0AS) V (0 Aw)
2I(cvé) hw=(cAw) V (§ Aw)
[Blov 0Aw)=(0cVS) A (0Vw)
A (cAd)Vw=(cVw)A (6§ Aw),forall
0,6,w €E L.

Definition 2.2 [2] A lattice (L,V,A) satisfying any one of the
above four identities is called a distributive lattice.
Definition 2.3 [3] Let X be a nonempty set and @ be a binary
relation on X (thatis @ € X x X). Then @ is said to be an
equivalence relation on X if @ satisfies the following
conditions:

[1] Reflexive: (6,6) € O foralld € X
[2] Symmetric: (6,0) € O implies that
(0,8) € Oforall§,oc e X
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[3] Transitive: (§,0) € @ and (0, w) € O imply that
(6,w)€eOforall §,0,w € X.
For (8,0) € 6, We write § 0 o.

Definition 2.4 [5] An algebra (L,v,A,0) of type (2,2,0) is
called an ADL with O if it satisfies the following axioms:

[1]6v O0=6

2I10A6=0

Bl6Vvo)Az=([Aw) V (0 Aw)

A 6N (cVvw)=(A0) V (6§ Aw)

516V (cAw)=(Vo) A (Vo)

[6] Vo) ha=0c

forall§,0,w € L.

It can be seen directly that every distributive lattice is an
ADL. Here onwards by L we mean an ADL (L,v,A,0). For
any g,8 € L, we say that o is less than or equal to § and
write g < §,ifa A § = g. Then "<" is a partial ordering
on L. The following hold in any ADL L.

Theorem 2.5 [5] Let L be an ADL with 0. Then for any
w, 8,0,z € L, the following conditions hold:
[l]6Vo=6=8No=0
[26Vo=0 ©6Adg =96
[31ANcd=0A6=06wheneverd <o
[4] A is associative
[S(]6AcGAZ=0ANb Az
[6](0Vo)Az=(ocVS) Az
[716 A0 < candd <6Vo
[B16A (cAS)=0AdandbV (6Va)=6V
c=({06(Vao) Vo
[Ol6Ad=6anddVE=6
[10]6A0=0and0Vs =6
[11](wV (V) Az=((wVE) Va)Az
[121f6§ <wando < w,thend Ao =ad A and
6Vao=oV5.

It can be observed that an ADL L satisfies all the properties
of a distributive lattice except possible the right
distributivity of v over A, the commutativity of v, the
commutativity of A and the absorption law (¢ A §) Vo =
a. Any one of these properties convert L in to a distributive
lattice.
Theorem 2.6 [5] Let (L,v,A,0) be an ADL with 0. Then the
following are equivalent.

[1] (L,V,A,0) is a distributive lattice

[2lcovd=6Vvoforallg,é € L

[Blc A6 =8 Ao forallg,d €L

[4(cAd) Vw=(ocVw) A (§Vw),forall

w,0,6 EL.
Theorem 2.7: [7] Let (L,V,A,0 ) be an ADL. Then for any

g,6,w € L with ¢ < &, we have the following conditions:
oA w<dAw
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RlwAoc<wAd
Blwv o< wVé.

Theorem 2.8: [5] Let L be an ADL. For any m € L the
following are equivalent.
[1] m is maximal element

[2lmvV 6§ =mforalld € L
[B3]mA 6 =6foralld € L.

For any w, o € L and a partial ordering < on L, the set
{6 € Llo <6 < w}isan interval denoted by [0, w].
Theorem 2.9: [5] Let L be an ADL. Then the following are
equivalent.

[1] L is associative

[210, ={(6,0) € RXR:oV § =0 Va}isa
congruence relation forallo € L

[3] L is a subdirect product of ADLs in each of
which there are at most two nonzero elements
and every nonzero element is maximal.

Note: In an ADL (L,v,A,0) the associative property with
respect to A holds, that is for any o,6,w € L, a A (6 A
w) = (6 AS§) ANw. Whereas the associative property with
respect to v, that is, forany ¢,86,w € L,V (6 Vw) = (o V
6) V w is not known so far.
Theorem 2.10: [7] Inan ADL (L,V,A ,0), the following are
equivalent.

[1] L is a distributive lattice

[2] (L, <) is a directed above poset

[3] Ais commutative

[4] V is commutative

[5] V is right distributive over A

(6] © = {(0,0) € L:6 Ad = o}is antisymmetric.

Definition 2.11 [4]: A skew lattice is an algebra (L,v,A) of
type (2,2) such that A and v are both associative and satisfy
the following absorption laws: 6 A (Vo) =6 = 6V
(6Ao) and (6Ad)Voa=o0c=(Va) Ao for all
5,0 €EL.

Definition 2.12 [4]: A skew lattice is called strongly
distributive if for all §,0,w € L it satisfies the following
identities: S A (cVw)=(6Ao) V (6Aw)and (Vo) A
w=((Aw)V (cAw);, and it is called co-strongly
distributive if it satisfies the identities: § vV (c Aw) = (6 V
o)A (Vvw)and (Ad)Vw =(Vw) A (0Vw).

Definition 2.13 [4]: A skew Lattice L is called normal if
WASANTGANz=wA oA §A zanditis called co-normal
ifovédvovz=wVvovévzforal w, 6,0,z € L.

3. Skew Almost Distributive Lattices

In this section we introduce different properties of skew
almost distributive lattices.

Definition 3.1 Let (L,Vv,A) be an ADL and S is a nonempty
subset of L. An algebra (S,v,A) is called a Skew Almost
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Distributive Lattice (skew ADL) if§Vv (cVw) =(6V

o) Vo forall §,0,w € S.

From the property of ADL, a skew ADL is strongly
distributive skew lattice. We call a skew ADL S is co-
strongly distributive skew ADL if (A o) Vo=V
w) A (cVw) for all §,0,w€ S and one can simply
observe that a co-strongly distributive skew ADL with zero
is a distributive lattice. Skew ADLs are skew lattices and
hence we can apply all concepts of skew lattices to skew
ADLs, for if a skew ADL is biregular.

Definition 3.2 A rectangular skew ADL is a skew ADL S
such that § A o = a v § for all non zero elements §,0 € S.
Lemma 3.3 Let S be a skew ADL. Then, S is normal.

Proof: Suppose S be a skew ADL. Let w, 8,0,z € S. Then,
from Theorem 2.5 (5) we obtainthat w A S AdAz=wA
o A 8 A z. This shows that S is normal.

Lemma 3.4 A rectangular skew ADL is co-normal.
Proof: Let S be a rectangular skew ADL and w, 8,0,z € S.
Then 6V oVzVw=wAzZAGAS=wA0AZAS =
dVzVoVw.

Hence, S is co-normal.

Lemma 3.5 A rectangular skew ADL with O is a discrete
ADL.
Proof: Let S be a rectangular skew ADL and 8,0 € S. Then,
by definition we obtainthat §A o =gV § forall §,0 €S
such that 6 # 0 and ¢ #0. Since oAd=86A0 A =
(evé) A§ =4, using the absorption law it follows that
oVé =0V (6 A§) = a. Which shows that S is a discrete
ADL.
Theorem 3.6 Let S be a skew ADL with 0. Then S is a
rectangular skew ADL if and only if § v o = ¢ for all
6,0 €ES.
Proof: Suppose S be a rectangular skew ADL. It follows that
oV d=46N0oforall 6,0 € Ssuchthat § # 0and o # 0.
From Lemma 3.5, S is discrete ADL. Hence, § Vo = 6 for
all nonzero 6,0 € S. Conversely, suppose § Vo = §. Then,
it follows that §voVvé =46. Hence, 6vo=((cAd) V
)V (eV (eAE))=(@AE) V (Vo) V (6A 6) =
g A 6. Therefore, S is rectangular skew ADL.
Theorem 3.7 Let S be a skew ADL. A relation @ defined on
S by
0 ={(6,0) € SXS|6Aog=0cand aAb =48}
is a congruence relation.
Proof: Let 6,0, w € S. Then,
[1]6 A 6 = . Hence, O is reflexive.
[2]Letd§ O 0. ThendS Ao =cgando Ad = 6.
Hence, 0 0 6.
[3] Let 6 ® 0 and g O w. Then, we have
ONc=0,0N6=06,0 ANw=wandw Ao = 0.

Then,

SANw=0AN(0ANw)=(0AN0o) A\w=0Aw=w
and

WAS=wA (A8 =(wAo) Nd=aAd =

0.

Hence, § @ w. Thus, @ is an equivalence relation.
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[4] Assume that § @ o and w @ z. Then,
(bvw)A (oV2)

=((6Vw) Aa) V((6Vw) Nz)

=((6NAo0)V (wAT))V (A
Z) V (wAZz))

=0V (wAo)) V ((6AZz) V2Z)

=((cVw) ANo) Vz
=0Vz

Similarly, (evz) A (6 Vw) =38V w. Hence, we have
(Vw0 (aV z). Also,
(bAW) A(cANZ) =N ANWANZ=0ANWAZ

=0ANz
and
(6AZ) AN (AW)=2ZA0ASAw=ZA6Aw
=6NzZAw=0Aw.
Hence, we have (6 A w) O(0 A z).
Therefore, @ is a congruence relation on S.

Lemma 3.8 Let S be a skew ADL and 6,0 € S. For 6 given
by Theorem 3.7, § @ g ifandonly if 6 v o = o A 4.
Proof: Let § @ o. Then,
§va=(oVvéVva) A(6Va)
=V (6Ad) AN (6Vo)

=0 A (6Vo).
This implies that
oANS=0A6A(5VO)
=adASA (oA (6V0))
=dgA (Vo)
=JdVo.

Converselyif6Vvo =0 A 6,thenc A6 =8A0AE =8 A
(bvo)=8§d andSAc=0ASANa=0A (V) =0
which implies that § 0 o.

Theorem 3.9 Let S be a rectangular skew ADL and
8,0,w € S. Then the following conditions hold:

[1l6Aw=0Aw
21(6Vw) Ao=ocandoV (6 Aw) =0
[3] S is a lattice if and only if it is a singleton.
Proof: Suppose S be a rectangular skew ADL and
0,0,w € S.Then,
[1] Using regularity we get

SN w= ((cvV & NS A ((0Vw) Aw)

=(NAdAS) N (WATAW)

=0ANOASANWATAW
=0ANOANOSNCAWNTAW

=N (0ASNG) AN (WAT Aw)

=0A0Aw.
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By symmetry we alsohave o Aw =0 A S A w.
Since Ad Aw =0 NS A w we conclude that
SAw=0Aw.
[2] Using Theorem 3.6 we obtain that
6VovVw=(0Vo)Vo=4§Vw
and hence
bVw) A\a=(VoVw) Ao
=({lVwVo) ANo =a.
Sinced Aw = w V §, we have
3. oV ANw)=(0Aw) ha=(wV) Ao =
(bVw) Nha=o
4. [3] Suppose S be a lattice. Then, by Theorem
3.6 we obtainthat§ =Vvao =0V 4§ =g for
all 5,0 € S. Therefore, S is a singleton. The
converse is direct.
A skew ADL is said to be left cancellative if it
implication 6V o= 6Vw and
It is called right
and

satisfies the
SANo=06Aw imply 0= w.
cancellative if it satisfies §V w =0V w
SN w=0Awimply § = o.If askew ADL is both
right and left cancellative then it is said to be
cancellative.
Theorem 3.10 Let S be a skew ADL.Then S is
right cancellative skew ADL.
Proof: Suppose S be askew ADLandd,0,w €S
suchthatd A w =cdAwanddV w =0V w.
Then,
§=6V (0N w)

=6V (0 Aw)

=(0Va)A (6Vw)

=(Vo)A (oVw)

=(0VS)A (0Vw)

=0V (6N w)

=0V (6 A w)

=0.

Hence, S is right cancellative skew ADL

Corollary 3.11 Let S be a rectangular skew ADL. Then, S is
cancellative.
Proof: Suppose S be a rectangular skew ADL such that
wVid=wVeo and wAd=wAcforall§,o,w €S.
Then, we have
§=(wV3E AS

=0 Aw) A6

=6A (WA 9d)

=6A (WA 0)

= Aw) Ao

=(wVIHAo

=(wVo) Ao

= 0.
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This shows that S is left cancelletive and hence it is
cancellative.

Lemma 3.12 Let S be askew ADL and @ be a congruence
relation on S given by Theorem 3.7. Then the congruence
class [5]0 of § is rectangular skew ADL.
Proof: Suppose S be a skew ADL and 6,0, w € S such that
o,w € [8]0.Since ¢ O w we obtainthat oV w =0 =w A
o and hence [§]0 is a rectangular skew ADL.
Theorem 3.13 Let S be a skew ADL and © be a relation
given by Theorem 3.7. Then, §/6 is a maximal lattice image
of S.

Proof: Suppose S be a skew ADL. From Theorem

3.7, O is a congruence relation on S. Consider S/6
and for §,0 € S let [§]0,[c]O € S/6. Define A
and Von S/0 by [6]0 A [c]0 =[5 Ao]O and
[6]10 vV [a]® =[6V d]O.Then, foranyw € S,
w€E [6V0]® & (6Vo) ANw=wand
wA (bVa)=46Vo
< (ové) Aw=wand wA (V) =aVs

< w€E[oVvelo
Hence, [6 Vo]® = [oV §]0.Thus, [6]0 V [0]O = [o]OV
[5106.
Similarly, w € [6 Ad]O® © A0 Aw=wand

wANBANd)=6N0

S oASAw=wand wA(GAF) =0dA
1)
S w E [oAd]0.

Hence, [0 A0]O =[oAS]O. Thus, [6]60 A
[6]© =[a] O A [5] 6. Which shows that S/0 is
commutative and therefore it is a lattice. Now,
consider a congruence relation § on S such that

S/B is a lattice. Suppose § 0 o. Clearly,
SANog=cond oA =6 = [6A0]p =
[c1Band [oAS]f =[6] B
= [8]B A [0]B =[o]B and [d] B A
[618 =I[5]8
= [§] B = [o] B,since $/ B is a lattice

= §fo.
Therefore, 6 <€ .
Suppose H be a lattice image of S. Then there
exist an epimorphism f: S — H. Define a
relation @ on Sby a = {(8,0) € S?|f(5) =
f(0)}. ais reflexive, symmetric and transitive. Let
(61,01), (62,05) € a. Since f is homomorphism we
have
f(1V &) =f(61)Vf(62)
= f(o1) V f(02)
= f(o1V 03),
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which shows that (5, V 8,) a (g, V g3) similarly (§; A 6,)
(01 A 0,)$. Hence a is a congruence relation on S. Since a
homomorphic image of S is given by S/¢ where ¢ is a
congruence relation on S [5],S/« is the lattice image of S.
Consider the set £ of lattices given by L ={S/ ¢ | ¢ is a
congruence on S and O < ¢}. Now, take congruence
relations @ and B discussed above and assume that S/0 <
S/B. Let 0,6 € S such that ¢B86. Since @ < B and
S/0 < S/B there exist ¢',6 €S such that o € [0]0 =
[6']B and 6 € [§]@ = [8']B. Thus, 0@a’, afc’ and 566,
8B4, Hence,
oB8,6B6 = apd’

=0 €[§]p =[6]6
= d0s§.
Therefore, B € @ and hence ® =£. Consequently, S/0 =

S/B.
Hence, S/0 is the maximal element of S so that it is a
maximal lattice image of S.
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